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Shearing stresses can change the volume of a material via a nonlinear effect known as shear
dilatancy. We calculate the elastic dilatancy coefficient of soft sphere packings and random spring
networks, two canonical models of marginal solids close to their rigidity transition. We predict a
dramatic enhancement of dilatancy near rigidity loss in both materials, with a surprising distinction:
while packings expand under shear, networks contract. We show that contraction in networks is
due to the destabilizing influence of increasing hydrostatic or uniaxial loads, which is counteracted
in packings by the formation of new contacts.
PACS numbers:
More than a century ago, Reynolds noted the tendency
of granular materials to increase their volume in response
to shear stresses [1]. Today the phenomenon still fasci-
nates [2–8]. Recent work by Behringer and co-workers
[9] has sparked interest in the confluence of dilatancy
and (un)jamming, the nonequilibrium rigidity transition
in disordered soft matter [10, 11]. Their experiments
probed a corollary to Reynolds dilatancy in which nor-
mal stresses are induced by shear at constant volume.
They found that the normal stresses induced in sheared
granular materials increase dramatically on approach to
the critical volume fraction where hydrostatically com-
pressed packings jam. Similar phenomena are seen in
quasistatically sheared foams [12].
Yet there is no rigorous mechanical bound requiring
sheared isotropic solids to expand, and in fact positive
shear dilatancy is not a universal feature of elastic re-
sponse. Stiff biopolymer networks sheared at constant
volume, for example, develop an “anti-granular” negative
normal stress – they pull rather than push on shearing
surfaces [13, 14].
What determines if a sheared material initially ex-
pands or contracts? Here we show that dilatancy in
marginal elastic solids is closely tied to the evolution of
its shear modulus under compressive loading. We present
a calculation of the dilatancy coefficient of two closely re-
lated models of marginal solids (Fig. 1), both of which
undergo an unjamming transition at a critical network
Figure 2: (a) Dense numerical bubble packing, (b) Shear response of packing depicted in (a):
the bubbles move a nely and thus largely follow the imposed strain. (c) Bubble packing close to
jamming and its shear response (d): The bubbles exhibit non-a ne motion and swirly flow patterns.
associated with changes in the forces between bubbles/particles, and concomittant changes in the
elastic energy, one can then immediately estimate the change in elastic energy once the interactions
between particles are known. In particular, for linear interactions with a local spring constant k,
one concludes that the shear modulus G on the order of k, just as in the a ne picture sketched
above.
Closer to jamming, however, the number of contacts per bubbles drops, and bubbles are increas-
ingly free to deviate from the a ne field so as to minimize the changes in elastic energy, and, as a
consequence, the shear modulus G gets smaller than would be expected from an a ne assumption.
At the jamming point, the shear modulus vanishes for harmonically interacting particles — clearly
here the translation from local to global interaction is nontrivial! For di↵erent (e.g., power law in-
teractions such a Hertzian interactions), the shear modulus behaves di↵erent, so there is no simple
universality. However, the ratio of shear modulus to local spring constant (or equivalently, the ratio
of shear modulus to bulk modulus K) scales in a robust manner with distance to jamming: indepen-
dent of dimension and interaction potential, G/K / z zc, where zc is the number of contacts at the
critical point (=2D). [O’Hern et al. (2003); Ellenbroek et al. (2009)]. This illustrates our earlier
point: local interactions matter, but there are universal and sometimes nontrivial mechanisms that
translate the local interactions to the global behavior.
As there is no simple way to estimate the particle motions and deformations in disordered
systems, one needs to resort to (numerical) experiments. Jamming can be seen as the avenue
that connects the results of such experiments. Jamming aims at capturing the mechanical and
geometric properties of disordered systems, building on two insights: first, that the non-a ne
character becomes dominant near the jamming transition, and second, that disorder and non-
a nity are not weak perturbations away from the ordered, a ne case, but may lead to completely
new physics [Somfai et al. (2005); Mason et al. (1995); Radjai and Roux (2002); Tanguy et al.
(2002, 2004); Lemaitre and Maloney (2006); Maloney (2006)].
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FIG. 1: Two model marginal solids: (a) a frictionless soft
sphere pa king; ( ) a r ndom spring n two k.
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FIG. 2: Shear dilatancy. A material (dashed box) of linear
extent L initially under pressure p0 (arrows; horizontal normal
stresses omitted) is subjected to a shear strain γ while the
normal stress on the shearing surface is held constant. A
dilatant strain  ∝ γ2 results.
connectivity and zero load. They are (i) random net-
works of linear springs, whose connectivity is indepen-
dent of their load; and (ii) packings of soft frictionless
spheres jammed by a confining pressure p0 > 0, whose
connectivity is an increasing function of the pressure. We
find that random networks soften under increased pres-
sure and therefore contract under shear. Sphere packings
stiffen as compression creates new contacts; as a result,
they expand when sheared.
ELASTIC SHEAR DILATANCY
We begin by relating the dilation of a sheared elastic
solid to its linear response to shear and compression.
We treat quasistatic elastic deformations of the par-
allelepiped in Fig. 1 [15]. For simplicity, we consider
an initial state that is a cube with cross-sectional area
A = L2, initial height h0 = L, and initial volume
V0 = Ah0. We further consider only deformations hold-
ing A fixed. Points ~r on the boundary displace by a
distance δ~r = γrx eˆx + rz eˆz, where eˆx and eˆz are unit
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2vectors and the parameters γ and  are shear and dila-
tant strains, respectively. The stress conjugate to γ is
the shear stress σ, which is zero in the initial condition.
The stress conjugate to  is the normal stress p; its value
in the initial state is the pressure p0.
We first consider a system in which the normal stress
is held constant during shearing. The case of constant
volume ( = 0) is treated below.
The dilatant strain  can be Taylor expanded in powers
of he shear strain γ,
 = Dpγ +
1
2
Rpγ
2 +O(γ4) , (1)
The linear coefficient Dp is zero in isotropic materials,
which must dilate by the same amount whether sheared
to the left or the right.[29] The coefficient of the quadratic
term in Eq. (1) is the Reynolds coefficient,
Rp = lim
γ→0
(
∂2
∂γ2
)
p
. (2)
Calculating the Reynolds coefficient. The Reynolds
coefficient Rp can be related to a material’s linear elastic
moduli via a simple derivation first reported by Weaire
and Hutzler in the context of liquid foams [12]. Here we
follow a different route to compatible conclusions.
Quasistatic linear response of an isotropic elastic solid
is characterized by two moduli; it will prove convenient
to select the shear modulus G and the Young’s modulus
E. The shear modulus quantifies the proportionality be-
tween shear stress and shear strain γ in the small strain
limit,
G = − lim
γ→0
(
∂σ
∂γ
)

. (3)
The Young’s modulus quantifies the change in normal
stress that results from dilatant strain,
E = − lim
→0
(
∂p
∂
)
γ
. (4)
Our starting point assumes a hyperelastic solid and an
initially isotropic state with finite G and E. Its differen-
tial elastic potential energy is dU = −pA dh − σAhdγ,
with h = (1 + )h0. To treat stress-controlled boundary
conditions it is useful to introduce the Legendre trans-
form H = U + pAh, which is a natural function of p and
γ:
dH = Ahdp− σAhdγ . (5)
The Maxwell relation corresponding to dH is(
∂h
∂γ
)
p
= −
(
∂(σh)
∂p
)
γ
. (6)
 
no
rm
al 
str
es
s c
ha
ng
e
shear strain
 p
0
constant
normal stress
constant
volume
✏ = 12Rp 
2
 p = 12RV  
2
E ✏
FIG. 3: Relating shear at constant volume and constant nor-
mal stress.
Invoking Eqs. (1), (3), and (4) and equating the leading
order terms of Eq. (6) gives an explicit relation between
the dilatancy coefficient and the two linear elastic moduli,
Rp =
(
∂G
∂p
)
γ
− G
E
. (7)
Let us consider the consequences of Eq. (7). Mechan-
ical stability imposes positivity on both G and E, but
the variation of the shear modulus with load can be ei-
ther positive or negative. Hence the balance of terms
in Eq. (7) can have either sign – an elastic material can
either expand or contract under shear.
In the two model marginal solids treated below,
G
E
< 1 (8)
and ∣∣∣∣∣
(
∂G
∂p
)
γ
∣∣∣∣∣ 1 , (9)
hence
Rp '
(
∂G
∂p
)
γ
(10)
close to unjamming. Eq. (8) is quite general, as nearly all
naturally occurring materials are stiffer against compres-
sion than shear. Moreover, strong susceptibility to exter-
nal forcing is commonly observed near a phase transition,
so we expect Eqs. (9) and (10) to hold in other marginal
solids.
To summarize, a marginal solid sheared at constant
normal stress expands if its shear modulus is a strongly
increasing function of p. It contracts if its shear modulus
is a strongly decreasing function of p. This is the first of
our three main results.
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FIG. 4: (a) A segment from a loaded chain of springs. The
chain collapses under compressive loading. (b) The analog of
the loaded chain in a soft disk packing. Collapse is stabilized
by the formation of new contacts
Shearing at fixed volume. Before analyzing the
Reynolds coefficient in two model materials, we consider
the case of shear at constant volume. When the volume
is held fixed instead of the normal stress, the same sym-
metry arguments invoked above require a normal stress
change δp = p− p0 having the form
δp =
1
2
RV γ
2 +O(γ4) . (11)
The coefficient RV is
RV = lim
γ→0
(
∂2p
∂γ2
)

. (12)
The coefficient RV can be evaluated in the same way
as Rp. Alternatively, one may view the system’s isochoric
trajectory in Fig. 2 as the sum of two processes: (i) uni-
axial expansion, and (ii) shear to strain γ at constant
normal stress. The dilatant strain  = −[(1/2)Rpγ2] im-
posed in the first process is chosen to counterbalance that
induced by the second process.[30] Thus
RV = ERp = −V0
(
∂G
∂V
)
γ,A
−G . (13)
As in the stress-controlled case, the first term will domi-
nate in marginal solids.
An important and intuitive consequence of Eq. (13) is
that Rp and RV have the same sign, so one can speak un-
ambiguously of ‘positive’ and ‘negative’ shear dilatancy
without reference to the boundary conditions. A mate-
rial that expands (contracts) when sheared at constant
normal stress will increase (decrease) its normal stress
when sheared at constant volume.
DILATANCY IN NETWORKS AND PACKINGS
We now consider shear dilatancy in two model
marginal solids: random spring networks [16–19] and soft
frictionless sphere packings [10, 20] (Fig. 1).
Our analysis will hinge on the observation that spring
networks are destabilized by increasing normal load,
while packings are stabilized. In a general sense, this dis-
tinction is intuitive: while compression induces buckling
in elastic structures [15], packings owe their rigidity to a
positive confining pressure [21, 22]. Further illustration
can be provided by the loaded chain, a familiar example
from mechanics. Fig. 4a depicts one segment of a chain.
It is straightforward to show that a chain is stable to
transverse motions when the longitudinal load f is below
a threshold f∗. For this simple example the threshold is
at f∗ = 0, i.e. the chain collapses under any compressive
load. Fig. 4b depicts the soft sphere analog of Fig. 4a
embedded in a packing. In displacing transversely, the
central disk forms a new contact. This process continues
until the packing achieves a topology and geometry ca-
pable of supporting the load. Hence contact formation
enhances stability to increased loading. The competing
effects of softening due to compressive loading and stiff-
ening due to contact formation were first emphasized by
Alexander [22].
Negative dilatancy in networks. We first treat ran-
dom networks of harmonic springs with a mean connec-
tivity of z springs per node. Absent loading, such net-
works are rigid above a critical connectivity zc which in
mean field is given by Maxwell’s isostatic value 2d, where
d is the dimension.
The shear modulus of a spring network can be calcu-
lated from a normal mode analysis, the details of which
are omitted here but can be found in Refs. [20, 23]. The
result is that G is directly proportional to the frequency
ω∗ that characterizes a plateau of low frequency “soft
modes” that appears in the vibrational density of states
close to isostaticity [24]. One finds
G ∼ ∆z
√
1− c p0
∆z2
. (14)
Here ∆z = z−zc ≥ 0 is the distance to isostaticity and c
is a positive constant. The shear modulus as a function
of load is depicted in Fig. 5 for several different con-
nectivities. The key observation is that G softens with
increasing load, ultimately vanishing at a load p∗ ∼ ∆z2
where the network becomes unstable to shear. While
some network preparation protocols display critical ex-
ponents that deviate from the mean field prediction of
Eq. (14) [25], we expect softening with increasing load-
ing to be generic.
Invoking Eq. (10), the scaling of the dilatancy coeffi-
cient is
Rp ∼ − 1
∆z
(
1− c p0
∆z2
)−1/2
< 0 , (15)
which reduces to
Rp ∼ − 1
∆z
, (16)
for an initially unloaded network. Here and below we as-
sume that the distinction between hydrostatic and uni-
axial loading can be neglected for the purposes of scaling
analysis.
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FIG. 5: Evolution of the shear modulus G of random networks
(dashed curves, varying proximity to isostaticity ∆z) and soft
sphere packings (solid curve) as a function of the hydrostatic
load p0. Increased loading softens the shear response of net-
works but stiffens that of packings. The slope of G controls
dilatancy, hence networks contract while packings expand.
The shear and Young’s moduli of unloaded networks
have a constant ratio, G/E ∼ const [17], hence their
Reynold’s coefficient at fixed volume is
RV ∼ const < 0 . (17)
Eqs. (15 - 17) are our second main result: dilatancy in
marginal spring networks is negative, so they contract un-
der shear. Physically, this is a consequence of the desta-
bilizing influence of increased normal load. For constant
normal stress, moreover, Rp diverges on approach to the
critical connectivity at zero load.
Positive dilatancy in soft spheres. As a counterpoint
to random spring networks we now consider packings of
frictionless spheres (Fig. 1a), which undergo an unjam-
ming transition when the confining pressure is sent to
zero. Overlapping spheres repel elastically with a con-
tact potential U ∝ δα, where δ is the dimensionless over-
lap. Here we treat the harmonic case α = 2, which is an
appropriate model for foams and emulsions. The gener-
alization to the Hertzian case for solid spheres, α = 5/2,
is straightforward.
The shear modulus of harmonic soft sphere packings is
known to scale as the square root of pressure [10],
G ∼ p1/20 . (18)
This scaling relation is illustrated in Fig. 5. The scaling
of the dilatancy coefficient follows immediately from (10),
Rp ∼ 1
p
1/2
0
> 0 . (19)
Unlike networks, the Young’s modulus of a packing
approaches a finite constant near the jamming transition
[10]. As a result, their Reynolds coefficient at constant
volume is also diverging,
RV ∼ 1
(φ− φc)1/2 . (20)
Here φ is the volume fraction of the packing and φc is
the critical volume fraction where packings unjam.
Eqs. (19) and (20) are our final main result. They
show that shear dilatancy in marginally solid packings is
diverging and positive – sheared packings expand.
Physically, the softening experienced by the spring net-
works is avoided in packings because, unlike networks,
packings can create new contacts. While pressure and
connectivity can be varied independently in networks, the
(excess) connectivity of a sphere packing is selected by
the pressure, ∆z = ∆z(p0). The shear modulus of net-
works can be used to rationalize the form of ∆z(p0). To
see this, we begin from the shear modulus of Eq. (14) and
demand a mechanically stable state, which must satisfy
G > 0. The result is a bound on the connectivity of a
sphere packing:
∆z >
√
c p0 . (21)
This inequality, first derived by Wyart et al. [24], in-
dicates that packings at higher pressures require more
contacts to remain stable. Marginal solids saturate the
bound: simulations, foams, and grains all display square
root scaling of their excess connectivity [10, 26, 27],
∆z ∼ p1/20 . (22)
Inserting Eq. (22) in Eq. (14), one recovers the shear
modulus of soft sphere packings, Eq. (18).
Note that the shear modulus of any single, finite-sized
packing will display discontinuities as new contacts are
formed under compression. The smooth square root scal-
ing of G, which dictates Rp, holds in the limit of thermo-
dynamically large systems or under ensemble averaging.
DISCUSSION
Shear dilatancy results from a subtle, nonlinear cou-
pling between the responses to compression and shear.
We have shown positive dilatancy occurs in marginal
solids that stiffen against shear when compressed, while
negative dilatancy is found in those materials that soften.
Our calculations provide a unifying perspective for the
seemingly disparate dilatant phenomena found in fric-
tionless materials such as emulsions and liquid foams
(which expand) and semiflexible biopolymer networks
(which contract). Compression stiffens the shear re-
sponse of soft sphere packings by creating new contacts,
and hence packings expand under shear. Because ran-
dom spring networks cannot create new contacts, they
soften under compression and contract under shear.
5The scaling relations of Eqs. (15) and (19) require
numerical confirmation. Tests in sheared networks and
packings are underway and will be reported elsewhere.
Our calculations for soft sphere packings describe the
approach to unjamming in frictionless materials. The
frictionless jamming point occurs at a critical packing
fraction φc commonly known as random close packing
(RCP); we describe the approach to RCP from above
(φ > φc). Unlike frictionless sphere packings, frictional
states can exist at zero pressure over a range of pack-
ing fractions of which RCP is the upper bound. The
Behringer experiments approach RCP from below, be-
ginning from isotropic states at (nearly) zero pressure
[9]. Any relation between these two approaches to RCP is
not a priori apparent. Nor is it self-evident that frictional
packings can be modeled as hyperelastic solids. These is-
sues can be explored numerically in frictional soft sphere
packings [28].
I acknowledge valuable discussions with Bob Behringer
and Joshua Dijksman.
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